Abstract. We present explicit models for Shimura curves X D and AtkinLehner quotients X D / ωm of them of genus 2. We show that several equations conjectured by Kurihara are correct and compute for them the kernel of Ribet's isogeny J 0 (D) new → J D between the new part of the Jacobian of the modular curve X 0 (D) and the Jacobian of X D .
Introduction
Let B D be the indefinite quaternion algebra over Q of reduced discriminant D = p 1 · ... · p 2r for pairwise different prime numbers p i and let X D /Q be the Shimura curve attached to B D . As it was shown by Shimura ([21] ), X D is the coarse moduli space of abelian surfaces with quaternionic multiplication by B D .
Let is enhanced by their moduli interpretation as curves embedded in Hilbert-Blumenthal surfaces and Igusa's threefold A 2 (cf. [20] ).
The classical modular case arises when D = 1. In this case, automorphic forms of these curves admit Fourier expansions around the cusp of infinity and we know explicit generators of the field of functions of such curves. Also, explicit methods are known to determine bases of the space of regular differentials of them, which are used to compute equations for quotients of modular curves.
When D = 1, the absence of cusps has been an obstacle for explicit approaches to Shimura curves. Explicit methods to handle with functions and regular differential forms on these curves are less accessible and we refer the reader to [3] for progress in this regard. For this reason, at present few equations of Shimura curves are known, all of them of genus 0 or 1 (cf. [13] , [11] ). In addition, in a later work, Kurihara conjectured equations for all Shimura curves of genus 2 and for several curves of genus 3 and 5, though he was not able to give a proof for his guesses (cf. [14] ).
In this paper, we present equations for thirteen genus two bielliptic Shimura curves and Atkin-Lehner quotients of them.
In particular, we prove that the equations suggested in [14] for X 26 , X 38 and X 58 are unconditionally correct. In turn, this has allowed us to explicitly determine the kernel of Ribet's isogeny J 0 (D) new → Jac(X D ) and to prove that Ogg's prediction in [17] is also correct for these cases.
The remaining 10 curves presented here are the only bielliptic curves X whose hyperelliptic involution is not of Atkin-Lehner type. Note that a phenomenon of this kind was already encountered in the modular setting by the curve X 0 (37). Our method can also be used to determine equations for genus two bielliptic Shimura curves with nontrivial Γ 0 -level structure, of which there exist 89 of them. For the sake of brevity, these will not be considered in this work.
2. Explicit models of bielliptic curves of genus 2 Proposition 2.1. Let C be a genus two curve defined over a field k of characteristic not 2 or 3 and w its hyperelliptic involution. Assume Aut k (C) contains a subgroup u 1 , u 2 = u 1 .w isomorphic to (Z/2Z) 2 and let us denote by C ui the elliptic quotient C/ u i . If the two elliptic curves
are isomorphic to C u1 and C u2 resp. over k, then C admits a hyperelliptic equation of the form y 2 = ax 6 + bx 4 + cx 2 + d, where a ∈ k * , b ∈ k are solutions of the following system:
Proof. If C has a nonhyperelliptic involution u 1 defined over k, then C/k admits an equation of the form
and the involution u 1 acts sending (x, y) → (−x, y). Indeed, due to the fact that the morphisms C → C/ u i are defined over k there are
The functions x = ω 1 /ω 2 , y = dx/ω 2 must satisfy a relation of the form y 2 = f (x), where f ∈ k[x] has degree 5 or 6 and does not have double roots (see Proposition 2.1 in [7] ). Then, u * 1 (x) = −x and u * 1 (y) = y. It follows f (−x) = x and, in particular, deg f = 6.
Given an equation for C as (2), the elliptic curves
are k-isomorphic to C u1 i C u2 respectively, due to the fact that the nonconstant morphisms
and, thus, there exist µ i ∈ k * , i ≤ 2, such that: 
In our case, when we consider the elliptic curves defined over k 
2 , and in this case Jac C = (
Shimura curves of genus two
Let B be an indefinite quaternion algebra over Q of discriminant D and let X D denote the Shimura curve attached to it. For any integer N ≥ 1, let X 0 (N ) be the modular curve of level N and J 0 (N ) = Jac(X 0 (N )). By J 0 (N ) new , we shall denote the new part of J 0 (N ) viewed as an optimal quotient of it. Ribet's isogeny theorem establishes the existence of a Hecke invariant isogeny
over Q, though its proof relies on the fact that both abelian varieties have the same L-series and therefore is not explicit (cf. [18] , see also [1] ). The problem of determining the possible kernels of the isogeny has been studied by Ogg in [17] , the underlying idea being that the knowledge of the group of connected components of the Néron models of J 0 (D) new and Jac(X D ) at a prime p | D yields necessary conditions to be satisfied by the isogenies between them. As in [17] , the component groups of Jac(X D ) can be handled by Raynaud's method and the theory of Cerednik-Drinfeld. However, the component groups of the optimal quotients J 0 (D) new were only recently determined by Conrad and Stein in [4] . The aim of this section is to provide equations for the three Shimura genus two curves and to make Ribet's isogeny explicit for these examples. 
new and an exact sequence
Equations for the curves C D , the cuspidal divisors c(D) and their orders are given in the following table:
Proof. It follows from Ogg's list of hyperelliptic Shimura curves (cf. [16] ) that D = 26, 38 and 58 are the only values of D for which g(X D ) = 2. These curves are bielliptic; more precisely, in Cremona's notation, by applying the procedure described in [19] , it immediately follows that for these values of D, X D / w 2 is the elliptic curve B2 of conductor D while X 26 / w 13 , X 38 / w 19 , X 58 / w 58 are the elliptic curves 26A 1 , 38A 1 and 58A 1 , respectively. It can be checked that for these values of D, the classes of isomorphism overQ of both curves are different. Applying proposition 2.1, we obtain that in all these cases the system (1) gives a unique genus two curve defined over Q, which is given in the first table of the statement. Let f 1 and f 2 be the two normalized newforms of S 2 (Γ 0 (D)) and let E A and E B be the elliptic curves over Q which are the strong Weil curve in the class of isogeny A and B respectively. We know that J 0 (D)
new and E A × E B are isogenous over Q. We compute the following lattices of C:
and the lattice of C 2 :
We obtain (Λ 1 ×Λ 2 )/Λ ≃ (Z/2Z) 2 with Λ being different from the lattices (1/2·Λ 1 )× Λ 2 and Λ 1 × (1/2 · Λ 2 ). This result implies that there exists a nontrivial
new is the Jacobian of a genus two curve C D /Q (of course, for D = 26, it was already known). Again, applying proposition 2.1, we obtain a unique genus two curve defined over Q, which is given in the table of the statement. Note that equations for X 0 (26) were already known (cf. [8] ). Now, we consider the morphism φ obtained as the composition of the following morphisms defined over Q
where ker µ, ker ν ≃ (Z/2Z) 2 , id A is the identity on E A and φ B is the cyclic isogeny from E B to E B2 . One can check (see [6] ) that in all these cases the group ker(φ A × φ B ) is a subgroup of E A (Q) × E B (Q) of cardinality 7, 5, 5 depending on whether D is 26, 38 or 58 and, moreover, this group is the unique subgroup of rational points of E A (Q) × E B (Q) with such a cardinality. Since id A ×φ B has odd degree, this morphism maps the kernel ofμ to the kernel of ν because both kernels are the unique nontrivial G Q -stable subgroups isomorphic to (Z/2Z) 2 in their abelian varieties. Then, there is a morphism φ 
Proof. Assume that the pair (D, m) is such that g(X
2r−1 and curves of genus two contain at most two copies of the cyclic group of order 2, it follows that necessarily r = 1 and hence D = p · q.
Let ℓ ∤ D be a prime of good reduction of the curve. Following [16] , §5, we obtain that 
Proof.
By the same arguments as in [19] , Proposition 1, since Jac(X (m) D ) is isogenous to a product of simple abelian varieties of real GL 2 -type, it follows that the group of automorphisms of X D . We know from Kühn ( [12] ) that every quotient of a genus two curve C/Q by a nonhyperelliptic involution defined over Q has a rational point and thus is an elliptic curve over Q.
Among these 29 curves, it turns out by checking Cremona's Tables, that their Jacobians are all simple over Q except for (D, m) = (57, 3), (106, 2) and (118, 2). Indeed, this follows from the fact that these are the unique three cases such that there exist two different isogeny classes of elliptic curves of conductor D and invariant by µ(m)ω m . It is then clear that these 26 curves X (m) D whose Jacobian is simple over Q can not be bielliptic. As for the values (D, m) = (57, 3), (106, 2) and (118, 2) is concerned, there exactly two isogeny classes of elliptic curves of level D and invariant by µ(m)ω m . Namely, 57B, 57C; 106A, 106C; 118B, 118C, respectively. For each possible choice of elliptic curves E and E ′ in these two isogeny classes, the abelian surface E × E ′ contains no nontrivial G Q -stable subgroups isomorphic to (Z/2Z) 2 . In other words, the system (1) admits no rational solution and therefore, X 
Moreover, for all these equations the action of w q on them is (x, y) → (−x, y).
Proof. We note that, in all 10 cases, it follows from Proposition 4.2 that m = D except for the single case (D, m) = (142, 2). Hence, the class of ω q in Aut(X (m) D ) is the unique bielliptic involution of the curve that is of Atkin-Lehner type. We have split the proof in five parts in order to ease its reading.
Step 1: Isogeny and isomorphism classes of the elliptic quotients. We firstly determine the isogeny classes of the elliptic curves E = X 
Then, the elliptic curves E and E ′ are isogenous to A f and A ′ f over Q, respectively. An examination of the 10 cases shows that, for (D, m) ∈ {(141, 141), (142, 142), (158, 158), (326, 326), (446, 446)}, the isomorphism classes of E and E ′ over Q are determined, because every isogeny class contains a single isomorphism class. These are quoted in the table of the statement. For the remaining cases, we have the following possibilities:
Step 2: Candidate equations. We now proceed to determine a finite set of candidate equations for the 10 curves X 
These equations have been computed such that the bielliptic involution ω q acts as (x, y) → (−x, y) and hence its two fixed points are those whose x-coordinates are 0. We devote the rest of the proof to discard the wrong equations for X (m) D from the above in the table, by using suitable sieves.
Step 3 
. On the other hand, on the bielliptic model ay 2 = bx 6 + cx 4 + dx 2 + e, the coordinates of the two points fixed by ω q generate Q( e/a). This allows us to discard the equations C 91,3 , C 123,2 , C 155,2 and C 254,3 . We have thus already determined an equation for X Step 4: The real points sieve. Shimura proved in [22] that X D (R) = ∅. Later, Ogg ([16] ) studied the question whether the Atkin-Lehner quotients of Shimura curves admit real points. Namely, he proved that X 142 (R) = ∅ and hence X (2) 142 ≃ C 142,2 over Q.
Step 5: TheČerednik-Drinfeld sieve. Let us recall the theory ofČerednik-Drinfeld on the bad reduction of the AtkinLehner quotients X (m) D at a fixed prime p | D (cf. [2] , [11] , [13] , [17] ). Let K p denote the quadratic unramified extension of Q p and let R p be its ring of integers. Over K p , the curves X D are generalized Mumford curves that admit a p-adic uniformization by a Schottky group which is often non-torsion-free. In the terminology of [11] , these are called admissible curves.
Let h(δ, ν) denote the class number of a quaternion Eichler order of level ν in a quaternion algebra of discriminant δ over Q. As shown in [13] , X D admits a proper but often non regular integral model X D over R p whose special fibre X D /F p 2 is the union of 2h( D p , 1) irreducible rational components meeting transversally at a total number of h( D p , p) points. The intersection points of the special fibre are the only possible non regular points of X D and the only allowed multiplicities are m = 1, 2 and 3. The reduction type of X D at p is described by a weighted graph by interpreting each component as a vertex, an intersection point P between two components as an edge joining the two vertices and the multiplicity m of P as the weight of the edge.
For every prime q ≤ 13, it turns out that the dual graph of X pq at p consists of exactly two vertices joined by g(X pq ) + 1 edges.
Moreover, the Atkin-Lehner involution ω pq lifts to X D and switches the two vertices and the quotient graph consists of a single vertex with several loops of multiplicity 1, 2 or 3 around it. In consequence, the special fibre of X D / ω pq has a single and possibly singular irreducible component. After blowing up the non regular closed points of X D / ω pq as in [13] , p. 288, we deduce that any two irreducible components of the special fibre of the minimal regular model of X (m) D meet at most at two different intersection points.
We can contrast this information with the explicit computation of the reduction type of the equations in the above tables at the primes p | D. This can be accomplished by means of Liu's package genus2reduction, that computes the minimal regular model of any curve of genus 2 over Q over Z[ 1 2 ]. The reduction type of C 91,1 and C 91,2 at p = 7 are I {1−1−0} and I {1−1−1} , respectively. As it follows from [15] , the former is the symbol for a single irreducible rational component with two nodes while the latter corresponds to two rational components meeting at three points. Hence, we discard C 91,2 and conclude that X 
